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Abstract-A new formula for the solution of the general Abel Integral equation is derived, and 
an important special case is checked with the known result. 
1. INTRODUCTION 
Using the fractional integral operators and the associated algebra, a new formula is derived here 
for the generalized Abel Integral equation (see [1,2]): 
a- J 5 dt) ,& + b ’ 0 (x-t)” g(t) & = f(x) (t - x)” 7 (0 < P < I), (1.1) 
where a and b are constants, after converting it into a singular integral equation of the Cauchy 
type. In Section 2, some of the important results of fractional integrals have been explained. 
In Section 3, the solution formula is derived. In the last section, verification and particular 
values of p, a, b and f(z) has been taken up. Throughout our discussion, we have assumed that 
0 < cr < 1, 0 < p < 1, 0 < y < l/2 and o + p = 1. It is observed in the literature, that singular 
integral equations and their various methods of solutions have been of immense interest to a large 
group of workers (see for example [3,4]). (See [5-81 1 a so f or some of the important results used 
in the present work.) 
2. SOME IMPORTANT RESULTS INVOLVING 
FRACTIONAL INTEGRAL OPERATORS 
DEFINITIONS. 
1. 
1 x J g(t) Iadz) = r(o o (x _t)l-a dt 
2. 
3. Rdz) = 9(1 - xc), 
RESULTS. 
1. FlQg(z) = g(2) 
2. RPRg(x) = 1 
s 
1 
g(t) 
r(a) I (t-x)1-0 dt 
(2.1) 
(2.2) 
(2.3) 
(2.4) 
(2.5) 
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J 
z 1 
0 (x-t)" 
4. 
15 
J [s dt + g(y) dy I 0 (x - t)“(y - v I 
J 
Y dt 
= 2 (“‘)“+’ := Gl(z,yy,,), 
0 (x-t)a(Y-t)p j=o (a+j) 
5. J 
z dt 
0 (x - t)“(Y - t)” 
= 2 (s/y)“+’ := Gz(z, y, p), 
j=. (lI+j) 
6. $W,Y,~) = (E)” & 
7. & W,Y,P) = (z)” & 
03 
1 
8. 
c( 
1 --- 
j=e j +a j+cl > 
= 7r cot(7ra) 
1 
9. 
sin(ncw) 
r((Y)r(l - cz) = 7’ 
(2.6) 
(Y < xl (2.7) 
(x < Y) (2.3) 
(2.9) 
(2.10) 
(2.11) 
(2.12) 
3. THE DERIVATION OF THE SOLUTION OF THE EQUATION 
The equation (1.1) can be expressed as 
1 2 
-I 
g(t) b ’ 
r(a!) 0 (x - tp 
dt$ - 
s 
g(t) 
al?(a) I (t-xpa 
dt = (a+/2 = 1). 
Using the definition (2.1) and the result (2.5), we write equation (3.1) as 
Pg(x) + ;R Ia Rg(x) = &f(x). (3.2) 
Applying I-” on both sides of the equation (3.2), we get 
SC’) + Lg(x) = i r(n,r?l _ ai) & 
J 
x f(t) ~ 
0 (x - tp dt3 
where L = i I-“RPR. 
Using the result (2.5) and Definition (2.2) on “Lg(x),” we get 
Lg(x) = ii rya)rtl - a) d3: o m 2 Jz ’ j-l ,yf$;_a dydt. (3.4) 
Again, using the result (2.6) in equation (3.4), we get 
Lg(x) =b 
1 d xy dt 
a rycr)r(i - CY) Z [J J o o (X - tp(y - tp s(y) dy 
1s 
+ JJ dt g(y)dy 7 z 0 (x - t)*(Y - t)” 1 
(3.1) 
(3.3) 
(3.5) 
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which, with the help of the results (2.7) and (2.8), gives 
Lg(x) = b l d x is J 
1 
a r(cr)r(l -a) z G(s, Y, o) s(y) dy + Gz(z7 Y> P) s(y) dy . (3.6) e z 1 
Applying the results (2.9) and (2.10) in equation (3.6), we get 
Lg(x) = b 1 lye 1 
[J ( a r(cr)r(l - cy) s G ) 
G g(y) dy + s(x) (CI(~, 2, a) - G2(~7 2, P)) 1 
b 1 lye 1 
= a r+qyl -a) o S 
[ 
Jo 
+Y)dY+Y(x)g (A - j& )I . (3.7) 
Using the results (2.11) and (2.12), we get 
b sin(rrcr) ’ 
Lg(x) = a ~ x 
_-a J yQ lr o yd9(?/)dy+gW i cos(7m). (3.8) 
The above expression for “Lg(z)” is used in the equation (3.3), and we get 
a7r 
b sin(rcr) 
+~cot(~U)]~“g(~)+~l~g(Y)dy=~~~~(~~~)~dy. (3.9) 
Letting 
x:“dx) = -P(X), bsi;;Ta) + 7rcot(na) 
1 
= --A, c” 2.t J 2 f(Y) b dx ,, (x-y)0 dy = h(x), (3.10) 
equation (3.9) becomes 
Mx) = h(z) + o y- dy, J l P(Y) X (3.11) 
which is a Cauchy type singular integral equation of which the solution is given by (see [9]) 
C 
+ 
Xl-‘( 1 - X)’ ’ 
(for X < 0), 
+) = (1 - .),Sin;y) & Iz & J l (1 - t)-Yh(t) dt 
(3.12) 
s (t - s)l--y 
c + 
x’( 1 - cc)‘-’ ’ 
where C is an arbitrary constant and y is defined by 
(for X > 0), 
1x1 = 7rcot(7ry) and o<,<;. (3.13) 
Then, using the expressions (3.10) and (3.12), the solution of the equation (l.l), integrable in 
the interval (0,l) is derived as 
(for X < 0), (3.14a) 
(for X > 0), (3.14b) 
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where C is an arbitrary constant. The value of y is defined by the equation 1x1 = x cot(ay), such 
that 0 < y < (l/2), along with 
rcot(W) 7 1 
tl-P d 
IL(t) = - - s t f(Y) dy b dt ,, (t - y)l-‘l . (3.15) 
The relation (3.14) serves as a new formula (cf. [l]), re p resenting the solution of the generalized 
Abel Integral equation ( 1.1). 
4. VERIFICATION OF THE FORMULA 
In the case when /J = l/2, a = 1, b = 1 and f(x) = 1, the equation (1.1) takes the form 
(4.1) 
Using the results (3.15), we obtain X = -x < 0 and h(x) = 1. Then, using equation (3.13), we 
get y = l/4. The solution of equation (4.1) is thus obtained by using the new formula (3.14a) as 
g(z) = & 2 -l/4(1 _z>- 114 + c2-5/4p _ $1/4, 
77 
which is the same as the one derived earlier by different methods (see [1,9]). 
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